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In this article, we discuss the effect of the zero point quantum fluctuations to improve the results of 
the minimal field theory which has been applied to study skyrmions in the quantum Hall systems. 
Our calculation which is based on the semiclassical treatment of the quantum fluctuations, shows 
that the one-loop quantum correction provides more accurate results for the minimal held theory. 
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The novel development of the semiconductor tech- 
nology has led to interesting observations of topologi- 
cal objeiets, skyrmions, in two component quantum Hall 
systemsEJ where the spin is considered as the additional 
degree of freedom in the single layer quantum wells. 
These recent experiments have provided a situation in 
which exotic topological field theories could be examined. 
These models which have been developed for the elemen- 
tary particles within the high energy physics, have been 
generalized to make a reliable field theoretic model at the 
limit of low energy physics for condensed matter systems, 
e.g., quantum Hall ferromagnets (QHF). Among thosg 
theories, the novel idea of the generalized SkyrrnejuodelBI 
has attractednthe attention of several authors. 013 It has 
been shownQi3 that the accuracy of this model is satisfac- 
tory when the Zeeman energy is small compared to the 
Coulomb energy between the electrons, e^/e^o where £o is 
the magnetic length and e is the dielectric constant of the 
host semiconductor. Within this approximation, spin is 
mapped to a classical unit vector (spin coherent state), 
as an order parameter. This correspondence has been 
obtained within the framework of the classical field the- 
ory, where the appropriate mean field theory for the low 
energy quantum Hall effect (QHE) has been considered 
as the Chern-Simon-Landau-Ginsburg model (CSLG)HI 
Integrating out the charge fluctuations of the composite 
bosons yields a minimal non-linear a (NLcr) model for 
the spin, generalijzed to include Coulomb and Zeeman 
interaction terms. Qfl This has led to observing the finite 
size skyrmion spin texture where the size of skyrmion 
is given by the competition between the Zeeman energy 
and the Coulomb energy. Recently, the range of validity 
of such minimal field theory description has been inves- 
tigated by a comparison with microscopic Hartree-Fock 
(HF), exact diagonalization, and aj)roposed variational 
wave function by Abolfath et al.u It has been shown 
that the minimal field theory description is accurate for 
skyrmions with large spin quantum numbers, K (^ 10) 
although, as expected, it fails quantitatively for the baby 
skyrmions {K < 10). The microscopic HF can be re- 
garded as an effective classical mean field theory with 
the appropriate boundary conditions, which retains the 
higher order gradient terms (these terms are absent in 



the minimal field theory). On the other hand, the zero 
point quantum fiuctuations (ZPQF) which are present 
in the quantum models (exact diagonalization and the 
variational wave function), are absent in these classical 
mean field theories. The higher order gradient terms are 
needed to improve the results of the minimal field theory 
to match the microscopic HF level and the ZPQF's are 
necessary for the quantum corrections. Recently Moon 
and MuUencI pointed out for baby skyrmions, i.e., those 
typical in GaAs samplead, the charge-density interaction 
within the CSLG theory, changes from a Coulombic one 
1/r to ln(l/r) at short distances. They have claimed 
that the minimal field theory with the logarithmic inter- 
action yields a good quantitative agreement with micro- 
scopic study. In this article we report on a study of the 
one-loop quantum corrections of the charged skyrmions 
in QHF as an alternative approach. We suggest that 
the differences between the minimal field theory and the 
microscopic picture for the baby skyrmions can be re- 
duced by including the ZPQF. For instance, the micro- 
scopic calculation shows that the absolute value of the 
z-component of the spin is less than unity at the center 
of the skyrmion. In contrast, within the classical mean 
field theories the spin is constrained to be down at the 
origin. In fact, this is one of the boundary conditions 
used to solve the Euler-Lagrange differential equation. 
Such discrepancy can not even be removed by includ- 
ing the infinite number of higher-order derivative terms 
to the minimal field theory and/or replacing the effec- 
tive Coulomb interaction between skyrmions with the 
logarithmic interaction, the ajjproach which has been re- 
ported by Moon and MuUen.Ei The ZPQF modifies the 
shape of skyrmion, consistent with the microscopic pic- 
tures. These corrections which are imposed on the clas- 
sical models, are present in any non-colinear spin sys- 
tem, e.g., antiferromagnets. The negative poles of their 
Green's function are responsible for the presence of the 
ZPQF. For baby skyrmions, the ZPQF is sufficiently se- 
vere that the modification of the classical solutions be- 
comes significant. Conversely, we do not|iiBjd any cor- 
rection to the Belavin-Polyakov's solutionscIO where the 
result of the minigial field theory is identical to the mi- 
croscopic picture.El In this case, the ZPQF is negligible 
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for large enough skyrmions (adult skyrmions). We fi- 
nally discuss the importance of the higher order gradient 
terms. We start to take the fluctuations into account by 
making use of the functional integral approach within the 
gaussian level of approximation. Note that the skyrmion 
charge of a class of configurations can not be changed by 
local fluctuations. The possible way to keep the charge 
and/or winding number, Q[= J(ir/3(r)], invariant, is: re- 
laxing the niz due to in-plane fluctuations even at the 
boundaries of the system. Therefore in the space of Q's, 
ergodicity is broken and the path integration must be 
evaluated for a pure state characterized by a given Q. 
Let us consider the fluctuations around the mean field 
solution for a given Q-skyrmion where its functional in- 
tegral is in the following form: 
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S is the Euclidean action, S — Swz[^] + Sh- The first 
term is the usual Berry's phase of spin history over a 
closed orbit, F, on the unit sphere in the presence of 
a unit magnetic monopole at the center, i.e., the Wess- 
Zumino terinEl and Sh = Jq^ d,TE[m] where 



E[m] = Eo[m] + E^m] + £;coui[m] 



(2) 



i?o[m] is the leading order term in a gradient expansion 
of the energy functional, i.e., the conventional Non- linear 
(NL)(T-model, and £'2[m] is the Zeeman energy func- 
tional. For QHF where skyrmions are carrying electric 
charge, next to the leading term in the gradient expan- 
sion is the non-local Coulomb energy, i^coujm], where 
the appropriate charge density associated with this term 
is equivalent to the filling factor v times the Pontryagian 
density.Qia The static solution of the spin configuration, 
m, satisfy a non-linear differential equation which can 
be obtained by minitnizing the energy functional, Eq. , 
with respect to mJ3 To compute the quadratic fluctu- 
ations around this saddle point solution, we must pdi^ 
agonalize the quadratic action. Following Polyakov,&t2l 
we exploit the renormalization procedure via introduc- 
ing a complex scalar field, ?/'(r) — '/>i(r) -I- i(f>2{r), 
where the fluctuation of m around i ts minimal solution 
is parametrized by m = \/l — ipip m -I- X]a=i "^a^" 
and m(r) • e''(r) = 0. The m(r) defines a map be- 
tween the compactified representation space and the or- 
der parameter space. It induces a metric and therefore 
a set of connections on the order parameter manifold. 
The connections may be interpreted as the geometrical 
Chern-Simon gauge field strength, = — ei • 9^e2/2. 
Therefore, the scalar complex field describes a system 
of charged bosonic quas i -j pa rticles in the presence of the 
geometrical gauge field.li30 Here we consider a station- 
ary spin-texture hence no time-dependent geometrical 
gauge field strength, i.e., a pure geometrical magnetic 
field. One may easily show that the geometrical-magnetic 
field is Dwpprtional to the spin-texture density (electron 
density)ll°IO, e.g., V A A(r) = ^pir). This is the zeroth 



component of the conserved current which is obtained as 
Jfi = (i^/27r)epi/AcL^A by Lee and Kane in the context of 
the CSLG theory.u The topological charge of skyrmions, 
Q, gives the vorticity of the geometrical gauge field, 
(j)y = I'kQIv. Interchanging two of these vortices yields 
an Aharonov-Bohm phase factor, exp(i7r(5/j/). This cor- 
rectly reproduces the original statistics of the skyrmions. 
We interprete the super-current of the vortices, J^, as the 
topological current of the skyrmions and/or the quan- 
tum Hall current. Now we may expand the action, up to 
the quadratic terms about its classical solution {xl)^ — 0) 
where (5m = ^a.e" — '(/'?/;rh/2 + 0(0'') and 



dT / dv V) Ticff 



where 



"Wcff — 



h 



_§_ 

dr 



H{r) 



U*{r) 




(3) 



(4) 



In Eq.(^, the imaginary time derivative term is the 
the quadratic Wess-Zumino term and H{r) = Psi^'^ — 
2A)^ -I- V{r) is a second order Hermitian operator and ps 
is the spin stiffness. The effective Hamiltonian, Tioff has 
two zero eigjeavalues corresponding to global rotation and 
translation.EJ One has to treat the zero rrpdes properly 
by making use of the collective coordinates To evaluate 
//(r), we exploit df^A^ — 0, associated with the appro- 
priate choice of the Coulomb gauge. A modified form 
of Ticff for the simple NLcr model has been presented in 
Ref. II. The off diagonal terms in HeS are the rem- 
nant of the Mott-insulating gap for the bosonic fields, ip, 
where the vortices superconducting through the system. 
This can be interpreted as a dual picture for the quantum 
Hall state where the Mott-insulating gap of the bosons 
and the super-current of the vortices are equivalent to the 
quantum Hall gap and the quantum Hall current, respec- 
tively. Recently, this duality has been applied to inves- 
tigate the phase dis^ram of the many-skyrmionic quan- 
tum Hall systems.ta Armed with the second functional 
derivative form of action, one may eventually evaluate 
the contribution of the one-loop quantum correction to 
the classical solutions of the quantum Hall NLcr-model. 
The rest of this paper is devoted to the study of the local 
fluctuations associated with a single skyrmion (Q = ±1) 
where its classical solution exhibits the circular symme- 
try and Acf, = {l + mz)/2r. One may expand the complex 
field, ip{r, r), in terms of the eigenstates of the H and its 
temperature dependent Fourier transform 



-!/;(r,r) 



E 



(5) 



where cun = 27rn//3 are the bosonic Matsubara frequen- 
cies, /f2.m(?') — {r\Q,m) are the orthonormal radial eigen- 
fmictions, H\fl,m) = esi,m|f^, Jt^), en^m is real and 
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{n' ,m'\il,m) = Sq' ,nSm' ,m- After a little algebraic ma- 
nipulation, the effective action can be obtained 
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Here the scale of length is £o = 1 smd LU-n ~ ^^n- The 
contribution of the one-loop quantum corrections to the 
classical ground state energy, may be obtained by in- 
tegrating out the fluctuations C, and C. It leads to 
E[m] — Ec[rh] + Ef where i^c [lii] is the energy of the 
classical skyrmion and 
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We perform the Matsubara sum in the usual way 
to obtain Ef. It turns out an expression for Ef, 
i.e., a sum over the Bose-Einstein distribution func- 
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ti ons, nB{±l3u}a,m)- Here 0;^^ ^ 
\/(£a,m + £n-mY - 4|C/n,„ip) are the poles of the ac- 
tion, iS, and a stands for either positive or negative sign. 
At zero temperature, nsix) is zero or —1 for positive 
or negative x's. Therefore, the problem of evaluating 
the fluctuations at zero temperature is converted to the 
problem of finding the negative poles of S. For the 
ferromagnet ground state where all spins are lined up, 
U — and the eigenvalues are continuous and positive 
{u;^ oc k^) hence no ZPQF. However, for the non-colinear 
spin texture namely the antiferromagnets, both negative 
and positive poles {uj^ oc ±fc) are present. At zero tem- 
perature, the negative poles contribute to ZPQF, and 
giving the correct shape of the ground state in agree- 
ment with the standard result of the Holstein-Primakov 
transformation.Ej Note that in any case, S is positive 
definite to guarantee that the classical solutions are the 
real minima of the action. To see this, let us set w„ to 
zero and diagonalize the matrix in Eq.(^. We find that 
eigenvalues are positive. In order to estimate the effect of 
the ZPQF on the classical skyrmionic solution and then 
the enhancement on its energy, we evaluate the spec- 
trum of the iS. The numerical calculation shows that the 
m = is the most significant channel which contributes 
to ZPQF at T = 0. The effective potential of the H{r), 
contains two terms when the angular momentum, m is 
non-zero. A linear term, mA^/r and a quadratic term, 
rr? jr^. Near the core of skyrmion, the linear term is 
negligible in comparison with the quadratic term, since 
^ r. Approximately, we have £o,m = £o,-m then 



^n,m = iSTry'e^ „^ - |t/o,mp. In this case, the is 
positive and there will be no contribution to ZPQF at 
T = 0. We find: 
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The effect of the fluctuations is to increase the energy 
cost of the skyrmions. Ef (which is proportional to the 
energy gap) is positive and decreases as the size of the 
skyrmion is increased, i.e., Ef(K) > Ef{K -\- 1). The 
energy differences between a skyrmion with K and K +1 
spin-flips, A(ivr), estimates the level crossing between two 
skyrmions, as pointed out by Abolfath et ai.u One may 
note that A{K) can be renormalized by the ZPQF 



A{K)^Ac{K) + Af{K), 



(10) 



where Af{K) = Ef{K) - Ef{K + 1), is, i\ie contribution 
of the ZPQF on Ac (if), the bare energy differencesE One 
may also show that the value of the Zeeman splitting fac- 
tor {2t) corresponds to A{K). Then it is renormalized via 
ZPQF [t ^ t*). We note that Af{K) vanishes rapidly as 
K increases, when the minimal field theory matches the 
microscopic results. We conclude that the use of the lead- 
ing gradient terms in the minimal field theory is seriously 
in error for small K and the ZPQF can not even give a 
better prediction for A{K). This reconfirms the previous 
results of Ref. 7. Conversely, including the ZPQF can im- 
prove the shape of the skyrmions, and their z-component 
of the classical solution, m^(r). In the following we study 
the effect of the ZPQF on mz(r) via exploiting the above 
techniques to find out the correct shap of the skyrmions. 
It can be taken into account through 



m,(r) = m.(r)^ 1 - ?/.(r)^/.(r) + ^ c^a{v)z ■ e'^(r). (11) 

a=l 

We may evaluate the effect of the quantum fiuctuations 
on via the standard technique of gaussian integrals 
and power series expansion of \J\ — V'V'- Note that the 
last term in Eq.(ll) vanishes after integration. Defining 
the single point correlation function 



G(r) = (V'(r)^(r)) 



hm (T,7A(r,r)V'(r,0)), 

r-»0- 



(12) 



where the ensemble average is denoted by (...) and Tt 
is the time ordering operator and taking advantage of 
the Wick's theorem turn out the expectation value of the 
spin's z-component in terms of the G(r) 

(m.(r)) = (1 - ^G(r) + \g\v)) m,(r) -f 0(G^). (13) 

We can evaluate G(r) after expanding -0 in terms of 
the /n,m('')'s- Integrating out the fiuctuations and sum- 
ming upon the Matsubara frequencies at zero tempera- 
ture leads to 
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FIG. 1. The radial distribution of spin, m^, is plotted. 
The effect of the ZPQF (solid line) on the classical distribution 
of spin (dashed line) is demonstrated for the K = 1 skyrmion. 
For comparison, the solution of the microscopic HF picture 
(dotted line) is plotted. The absolute value of niz at the 
origion is suppressed by ZPQF. In the inset, the dashed line 
and the dotted line show the effective potential, V{r) (ps), and 
its bound state (WF), for the m — channel, respectively. 
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Note that H{y) depends on the shape of the background 
spin texture, e.g., the size of skyrmion. For non-zero 
m, the term hke 1/r^ in H{r) smears its dependence 
on the shape of the skyrmion. The magnitude of the 
eigen-energies for the non-zero angular momentums is 
large enough that one may neglect their contribution in 
Eg. (p^ , i.e., the m 7^ channels do not change the mag- 
nitude of rx\.z{r) significantly. The m = potential, and 
its unique bound state (17 = 1) is shown in the inset 
of Fig. H Our choice for the boundary condition is 
df{r)/dr = at the origin. The curvature of the, V{r), 
is reduced by increasing the size of skyrmion. For the 
smaller skyrmions, the depth of the potential becomes 
more negative. The radial distribution of the spin for 
the K = 1 single skyrmion is shown in Fig. 0. As one 
may see, the effect of the ZPQF is severe at the center 
of the skyrmion and decays at large distances. As we 
have expected on general grounds, the magnitude of the 
spin at the center becomes closer to the predicted in the 
microscopic picture. 
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